We define covariantly a deformation of a given algebra, then we will see how it can be related to a deformation quantization of a class of observables in Quantum Field Theory. Then we will investigate the operator order related to this deformation quantization.
introduction
One of the purpose of multisymplectic geometry is to give a Hamiltonian formulation of (classical) field theory similar to the symplectic formulation of the one dimensional Hamiltonian formalism (the Hamilton's formulation of Mechanics). The time variable is replaced by space-time variables and the cotangent bundle by a finite dimensional manifold equipped with a multisymplectic form similar to the canonical symplectic form on the cotangent bundle. Starting from a Lagrangian density which describes the dynamics of the field, one can construct a Hamiltonian function through a Legendre transform and obtain a geometric formulation of the problem. For an introduction to the multisymplectic geometry one can refer to [6] and for more complete informations one can read the papers of F. Hélein and J. Kouneiher [7] , [8] .
Note that this formalism differs from the standard Hamiltonian formulation of field theory used by physicists (see e.g. [9] ), in particular the multisymplectic approach is covariant i.e. compatible with the principles of special and general Relativity and everything is finite dimensional.
Then we have to define the observable quantities and the Poisson bracket between these observables quantities. A notion of observable has been defined by the polish school in the seventies [14] , [10] , [7] , [8] . The set of these quantities becomes a Poisson algebra just as in the one dimensional case. The next task is to quantize it. The purpose of this paper is to propose a quantization using the deformation quantization procedure.
First we will present a deformation of a given algebra ; then we will show how it is connected to Field Theory. Then we will see how to recover this deformation quantization by means of operator ordering in the quantization procedure. We will see that this ordering differs from the usual Wick order (see e.g. [9] ) used by physicist. Finally we will see how the deformation quantization introduced by J. Dito [2] , [3] (which corresponds to the Wick order) can be applied to our problem.
Deformation
Let M denote the space M := R n+1 endowed with a metric g βα and ω denote a volume form on M . We will denote by (x β ) β∈ 0,n a system of coordinates on M such that ω = dx 0 ∧ · · · ∧ dx n * LAREMA, UMR 6093, Université d'Angers, France. dika@tonton.univ-angers.fr
and by V the real vector space defined by
Then one can construct (SV, ⊙) the free commutative algebra generated by V (see e.g. [5] ) where ⊙ denotes the associative and commutative symmetric tensor product. Then SV have a natural structure of a graded algebra SV := p≥0 S p V where S 0 V = R and for p ≥ 1, S p V denotes the p-th symmetric tensor of V .
Consider the Spencer operator δ : SV → V ⊗ SV i.e. the linear operator such that δ(S 0 V ) = 0 and for any decomposable element
Then we introduce the following definition Definition 2.1
• Let β be in 0, n and η ∈ M . We denote by i(η) and ∂ β (η) the linear operators acting on SV defined by
where φ(η) and
∂x β denote the real valued operators on V such that φ(η)(ψ) := ψ(η) and
and we impose i
be the space of formal power series with coefficients in SV , and let us fix some hypersurface Σ on M . Then we define a star product ⋆ on SV [[ ]] by the following
Here for all α = (α 1 , . . . , α p ) and β = (β 1 , . . . , β p ) in 0, n p , g βα denotes g β1α1 · · · g βpαp and ω α := ω α1 ⊗ · · · ⊗ ω αp and for all µ ∈ 1, n , we have denoted by ω µ the n-form
is an associative algebra, and this algebra is a deformation of the algebra (SV, ⊙), i.e. the projection π :
We postpone the proof of proposition 2.1 until the appendix B. Now we will see how the star prodduct ⋆ can be related to the operator product of Quantum Field Theory.
We denote by F (V, R) the real valued functional on V . Let us consider the algebra morphisme
and denote by L the image of I i.e. L := I(SV ). The algebra L is the observable functionals of the covariant Hamiltonian formalism described by F. Hélein and J. Kouneiher (see [6] or [7] for more informations on this formalism and multisymplectic geometry).
For all (ψ, χ) ∈ V 2 we define the brackets {ψ, χ} between ψ and ϕ by
Once again this bracket comes from multisymplectic geometry and it coincides with the brackets used by physicist in field theory (see [7] , [9] , [13] ). These brackets admit unique extension to SV satisfying Leibnitz rule i.e. such that {a ⊙ b, c} = a ⊙ {b, c} + {a, c} ⊙ b for all (a, b, c) ∈ SV 3 (see e.g. [1] ).
is an algebra and the bracket satisfies Leibnitz rule and Jacobi identity : {a, {b, c}} + {c, {a, b}} + {b, {c, a}} = 0.
Moreover (SV [[ ]], ⋆ ) is a deformation quantization of (SV, ⊙, {•, •}).
Hence we have defined a deformation quantization of the Poisson algebra of observables quantities which arise in multisymplectic geometry. This deformation quantization can be generalized to more general space-time manifold and we think that it can have some multisymplectic interpretation.
Unfortunately when we try to link our star product with canonical free quantum field theory we see that it correspond with an operator ordering which differs from the Wick ordering or normal ordering used by physicists (see [9] , [13] , [12] or [11] ).
Operator ordering
Hence suppose that the metric g βα is given by the diagonal matrix (−1, 1, . . . , 1) with respect to the coordinates (x β ) β . The first variable plays the role of time and we will denote it by t and we consider the hypersurface Σ of M defined by Σ = {x ∈ M ; t = 0}. In this case one can easily show that for all decomposable element
When we quantize this functional, we replace all the integral But since the operators ϕ m (f ) and π m (g) don't commute, there is not a unique way of replacement. This is the problem of operator ordering. Following J. Dito [3] , [2] or K. Fredenhagen and M. Dütsch [4] to each deformation quantization corresponds an operator ordering.
Let us choose to put all the operators π m (g) on the left of the operators ϕ m (f ) i.e. consider the linear map Θ : SP −→ O such that for all decomposable element
Then we define Θ on SV [ ] by R[ ]-linearity by setting Θ( ) := −i. Then we have the following result

Théorème 3.1 Let A and B belong to SV [ ], then Θ(A)Θ(B) = Θ(A ⋆ B)
We postpone the proof of theorem 3.1 until the appendix C. The theorem 3.1 ensures that the operator ordering which we consider corresponds to our star product ⋆ . We see that this ordering differs from the usual normal order used in Free Quantum Field Theory. In the next section we define a star product (described by J. Dito in [2] and [3] ) which corresponds to the normal order.
Wick Order
One can remark that the operator ordering corresponding to our product is not the usual order of Quantum Field Theory [13] , [9] . We will see here the deformation quantization which corresponds to the normal order. For all decomposable element 
where for all ψ ∈ P , F ψ and Gψ denotes the functions 
where for all k ∈ R n−1 the operator
One can easily show that the operators G(k) and G(k) * satisfy to the same properties than ∂ p α (η) and i p (η). Hence we can easily adapt the proof of proposition 2.1 to show the following result
is an associative algebra with unit, moreover it is a deformation quantization of (SV ⊗ C, ⊙, {·, ·}).
Then using the Wick theorem and following the way we prove the theorem 3.1, one can prove the following result 
Hence the star product ⋆ W corresponds to the Wick ordering. One can show that ⋆ W corresponds to the product defined by J. Dito in [2] , [3] .
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A Free Quantum Field
Here we recall the Quantum Field Theory which corresponds to massive free fields. One can see [12] or [11] for more details.
A.1 Fock space
Then we denote by F 0 the (algebraic) direct sum
where F 0 := C. The space F 0 has a naturel hermitian structure inherited from L 
Hence we get a separable Hilbert space which is calling symmetric or bosonic Fock space.
A.2 Free Quantum Field
Let f belong to L 2 (R n−1 ) ; we denote by a − (f ) and a − (f ) * the unbounded operator on F s with domain
where m ∨j := (m 1 , . . . , m j−1 , m j+1 , . . . , m p ). We can remark that for all f, g ∈ L 2 (R n−1 ), the operators a − (f ) and a − (g) * stabilize F 0 ; hence we can compose them.
Then we introduce some notations : µ denote the function µ : R n−1 → R * + such that
For all f ∈ S(R n−1 ) we denote by Cf ∈ S(R n−1 ) the function Cf ( − → k ) := f (− − → k ) and f ∈ S(R n−1 ) denote the Fourier transform of f i.e. f ( − → k ) := 1 (2π) (n−1)/2 R n−1
Let f belong to S(R n−1 ) ; let ϕ m (f ) and π m (f ) denote the unbouded operators on F s with domain F 0 defined by
One can show (see [11] p.218) that for all real valued f and g the operators ϕ m (f ) and π m (g) satisfy the Canonical Commutation Relation (CCR)i.e.
[ϕ m (f ), π m (g)] = i
The operator ϕ m (f ) can be seen as the quantization of the functional ϕ → t=0 f ϕ over free classical field ϕ and the operator π m (f ) as the quantization of t=0 g ∂ϕ ∂t .
Lastly for all f ∈ S(R n−1 ) we define the operators a(f) and a † (f ) by
